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                \begin{document}$$C\!P$$\end{document}$ violation in decays of beauty hadrons is one of the key methods to search for effects of physics beyond the Standard Model. The phenomenon of $\documentclass[12pt]{minimal}
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                \begin{document}$$C\!P$$\end{document}$ violation is described in the Standard Model (SM) by the Cabibbo--Kobayashi--Maskawa (CKM) mechanism \[[@CR1], [@CR2]\], where $\documentclass[12pt]{minimal}
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                \begin{document}$$3\times 3$$\end{document}$ matrix (CKM matrix) describing transitions between quarks of the three generations due to charged-current weak interactions. A common representation of the CKM matrix is the Unitarity Triangle (UT), the sides and angles of which are experimentally observable parameters. The fundamental $\documentclass[12pt]{minimal}
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                \begin{document}$$\phi _3$$\end{document}$), can be obtained with extremely low theoretical uncertainty \[[@CR3]\] from tree-dominated $\documentclass[12pt]{minimal}
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                \begin{document}$${b} $$\end{document}$ hadron decays and thus serves as a "standard candle" for searches of effects beyond the Standard Model in other heavy flavour processes.

Various techniques have been proposed to measure $\documentclass[12pt]{minimal}
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                \begin{document}$$\gamma $$\end{document}$ experimentally in the decays of *B* mesons into final states with neutral *D* mesons \[[@CR4]--[@CR7]\]. The $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C\!P$$\end{document}$ violation in these decays is generated by interference of $\documentclass[12pt]{minimal}
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                \begin{document}$${b} \rightarrow {u} $$\end{document}$ quark level transitions once the neutral *D* meson is reconstructed in a final state accessible to both $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$${\overline{D}{}} {}^0$$\end{document}$ decays. The neutral *D* meson in this case forms a coherent admixture of $\documentclass[12pt]{minimal}
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                \begin{document}$${{\overline{D}{}} {}^0} $$\end{document}$ states which is denoted here as *D*. One of the most sensitive techniques involves analysis of the Dalitz plot density of multibody *D* decays such as $\documentclass[12pt]{minimal}
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                \begin{document}$$D\rightarrow {{K} ^0_\mathrm{\scriptscriptstyle S}} {{\pi } ^+} {{\pi } ^-} $$\end{document}$  \[[@CR8], [@CR9]\].

Two different techniques have been developed and implemented experimentally to extract $\documentclass[12pt]{minimal}
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                \begin{document}$$B\rightarrow DK$$\end{document}$ decays using multibody *D* meson final states. One is model-dependent, with the complex amplitude of the *D* decay obtained by fitting the flavour-specific $\documentclass[12pt]{minimal}
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                \begin{document}$${{D} ^0} $$\end{document}$ decay density to a model \[[@CR10]--[@CR16]\]. This technique offers optimal statistical precision since the fit can be performed in an unbinned fashion, however, it suffers from uncertainty, which is difficult to quantify, due to modelling of the $\documentclass[12pt]{minimal}
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                \begin{document}$${{D} ^0} {{\overline{D}{}} {}^0} $$\end{document}$ decays produced near kinematic threshold \[[@CR8], [@CR17]--[@CR20]\].

In the model-independent technique, one needs to determine the relation between the decay densities of quantum-correlated $\documentclass[12pt]{minimal}
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                \begin{document}$$B\rightarrow DK$$\end{document}$. This necessarily requires estimation of the decay density from scattered data, which is achieved by binning both decay densities. Each bin is assigned a number of parameters that characterise the averaged behaviour of the amplitude (its magnitude and phase) over the bin; these parameters are obtained by solving a system of equations that also includes the value of $\documentclass[12pt]{minimal}
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                \begin{document}$$\gamma $$\end{document}$. In general, the binned approach reduces statistical sensitivity compared to the unbinned model-dependent technique, but the procedure is developed in such a way that it produces an unbiased measurement even in the case of a very rough binning.

In this paper, a method to extract $\documentclass[12pt]{minimal}
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                \begin{document}$$\gamma $$\end{document}$ is proposed which does not involve binning and aims to combine the advantages of the model-dependent and model-independent approaches. Like the binned approach with optimal binning, it uses a construction inspired by a $\documentclass[12pt]{minimal}
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                \begin{document}$${{D} ^0} $$\end{document}$ amplitude model, but provides an unbiased measurement even if the wrong model is used. It is shown to offer better statistical sensitivity than the binned approach. The method employs Fourier analysis of the distribution of the complex phase difference between the $\documentclass[12pt]{minimal}
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                \begin{document}$$D\rightarrow {{K} ^0_\mathrm{\scriptscriptstyle S}} {{\pi } ^+} {{\pi } ^-} $$\end{document}$ decay, but can easily be generalised to other cases of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\gamma $$\end{document}$ determination where the binned model-independent technique is applicable: analyses using other three- or four-body $\documentclass[12pt]{minimal}
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                \begin{document}$${{D} ^0} $$\end{document}$ decays \[[@CR21]--[@CR26]\], multibody *B* decays \[[@CR27], [@CR28]\] or analyses using correlated Dalitz plots of multibody *B*- and *D*-meson decays \[[@CR29], [@CR30]\].
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                \begin{document}$${{B} ^0} \rightarrow D{{\pi } ^+} {{\pi } ^-} $$\end{document}$ decays \[[@CR34], [@CR35]\]. In all these cases, the technique proposed can be applied instead of the binned methods.

Model-independent formalism with weight functions {#Sec2}
=================================================

In this section, the formalism for $\documentclass[12pt]{minimal}
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                \begin{document}$$\gamma $$\end{document}$ measurement is recalled to introduce the notation, and the established model-independent technique is reformulated in slightly different terms. This allows a demonstration that the binned approach is not the only possible method to perform such a measurement.
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Experimentally, one deals with probability densities rather than amplitudes. The decay density for $\documentclass[12pt]{minimal}
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Unbinned technique using Fourier series expansion of phase difference {#Sec3}
=====================================================================
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Strategy with Fourier expansion on split Dalitz plot {#Sec4}
====================================================

The strategy outlined above is the simplest example of the approach using Fourier expansion of the phase-difference distribution to measure $\documentclass[12pt]{minimal}
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The simplest way to improve the situation with the technique described here is to split the Dalitz plot into regions with comparable ratios between the absolute values of the interfering amplitudes, and to perform Fourier expansion in those regions separately. This approach is illustrated below in an example with the Dalitz plot split into two regions.Fig. 4Splitting of $\documentclass[12pt]{minimal}
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Simulation results {#Sec5}
==================
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The Fourier expansion approach is verified to produce unbiased results if different $\documentclass[12pt]{minimal}
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                \begin{document}$$\gamma $$\end{document}$ uncertainties for the optimal scenarios with the binned and unbinned techniques are compared in Table [1](#Tab1){ref-type="table"}. The uncertainty of the approach with split Dalitz plot is significantly better than when the Dalitz plot is taken as a whole. It is also clear that the Fourier expansion technique with split Dalitz plot shows better sensitivity than the binned method using "optimal" binning, with the gain being the most significant for smaller $\documentclass[12pt]{minimal}
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                \begin{document}$${{D} ^0} {{\overline{D}{}} {}^0} $$\end{document}$ sample size. The technique, however, is still about 10% less sensitive than the unbinned model-dependent approach. The possibilities to further improve the sensitivity of the unbinned model-independent method are discussed in Sect. [7](#Sec7){ref-type="sec"}.

Practical considerations {#Sec6}
========================

To be applicable to real data, the technique should be able to deal with experimental effects such as backgrounds and non-uniform detection efficiency across the Dalitz plot. Since the background enters the decay density additively, it can be treated at the level of Fourier-transformed variables, by calculating the Fourier expansion of the background density and subtracting it from the coefficients calculated on data. On the other hand, the efficiency enters the density in a multiplicative way, thus Fourier expansion need to be applied to efficiency-corrected data. The correction can be applied on an event-by-event basis, by assigning each event a weight proportional to the inverse of efficiency while calculating the Fourier coefficients.

The studies presented above have been performed using a combined likelihood fit to both $\documentclass[12pt]{minimal}
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Further directions of development {#Sec7}
=================================

Using notation of the generalised model-independent formalism presented in Sect. [2](#Sec2){ref-type="sec"}, the Fourier analysis technique proposed above uses a family of $\documentclass[12pt]{minimal}
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The proposed technique could be especially useful in the cases where a binned approach will limit precision due to small sample sizes of decays which determine the phase information. Examples are the $\documentclass[12pt]{minimal}
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                \begin{document}$${{\overline{D}{}} {}^0} $$\end{document}$ admixture are functions of decay time. In the proposed formalism, the coefficients of the Fourier series will be functions of decay time as well. While such analyses will certainly be more complicated than the case with constant coefficients, they are conceptually similar to the measurements using the binned technique which have already been carried out \[[@CR33], [@CR35]\].

Conclusion {#Sec8}
==========

A technique to perform unbinned model-independent analysis of a coherent admixture of $\documentclass[12pt]{minimal}
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                \begin{document}$$B\rightarrow DK$$\end{document}$ decays. Unlike the well-known technique with Dalitz plot binning, the proposed method employs Fourier analysis of the spectrum of the strong phase difference between the $\documentclass[12pt]{minimal}
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                \begin{document}$${\overline{D}{}} {}^0$$\end{document}$ amplitudes. While the method relies on an amplitude model to reach optimal statistical precision, it is unbiased by construction even if the wrong model is used.

A study of the feasibility of the proposed method has been performed with simulated pseudoexperiments. The precision of the method does not depend strongly on the number of Fourier expansion terms used, and even with only the single leading term yields sensitivity comparable to that of the binned model-independent approach. A modification of the procedure, where Fourier expansion is performed in two regions of the Dalitz plot separated according to the ratio of the suppressed and favoured amplitudes, provides $\documentclass[12pt]{minimal}
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                \begin{document}$${{D} ^0} {{\overline{D}{}} {}^0} $$\end{document}$ sample, which determines the strong phase in *D* meson decay, is small. Possible ways of improving the sensitivity of the proposed technique even further are identified and need further study.
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The same assumption is made throughout this paper.
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